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Limits Involving Infinity Exploration
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Finite Limits as x—*»

The symbol for infinity (2¢) does not represent a real number. We use % to describe the be-
havior of a function when the values in its domain or range outgrow all finite bounds. For
example, when we say “the limit of fas x approaches infinity” we mean the limit of fas x
moves increasingly far to the right on the number line. When we say “the limit of fas x ap-
proaches negative infinity (—2)"” we mean the limit of f as x moves increasingly far to the

left. (The limit in each case may or may not exist.)

(a) as x—=, (1/x)—0 and we write i“L“““"J

lim (1/x) = 0,

(b) as x——22, (1/x)—=0 and we write

li,'_". (1/x) = 0.

Figure 29 The graph of f(x) = 1/x.

We say that the line y = 0 is a horizontal asymptote of the graph of f.

[-6, 6] by [-4, 4]

DEFINITION Horizontal Asymptote

lli)mf(x) =b or \I_i’t_n_ flx) = b

The line y = b is a horizontal asymptote of the graph of a function y = f(x) if either
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EXAMPLE 1 Looking for Horizontal Asymptotes

Use graphs and tables to find lim,_,.. f(x), lim,, __ f(x), and identify all horizontal
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EXAMPLE 2 Finding a Limit as x Approaches o«

Find lim f(x) for f(x) = sn: .1'

k Sandwich Theorem Revisited

r Lim Siov
Xx>X> X - O

iy = _T RED

)= BLUE I ! .
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THEOREM 5 Properties of Limits as x—>+w
If L, M, and k are real numbers and

lim f(x)=L and lim g(x) = M, then
P X=>tco

1. Sum Rule: lim (f(x) +g(x)) =L+M
2. Difference Rule: _li|+n_ (fx)—gx)=L-M
3. Product Rule: _liln (f(x)egx))=L-M

4. Constant Multiple Rule:  lim (k«f(x)) = k«L
X—rtw

(x L
5. Quotient Rule: _iilznx- ;—((:—)) = M#0

6. Power Rule: If r and s are integers, s # (), then

dim (f())% = L

provided that L'/ is a real number.
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EXAMPLE 3 Using Theorem 5

. . Sx+sinx
Find lim .
X=d 0 .
SOLUTION
Notice that
Sx+sinx S5x  sinx sin x
— — e — o —
X X X ‘
So,
. Sx+sinx . . sinx
lim =lim 5+ lim —— Sum Rule
=% X e 1w X
=54+0=35. Known Values

Now try Exercise 25.

Exploring Theorem 5

We must be careful how we apply Theorem 5.

1. (Example 3 again) Let f(x) = 5x + sinx and g(x) = x. Do the limits as x—x
of fand g exist? Can we apply the Quotient Rule to lim,_,.. f(x)/g(x)? Explain.
Does the limit of the quotient exist?

2. Let f(x) = sin? x and g(x) = cos® x. Describe the behavior of fand g as x—.
Can we apply the Sum Rule to lim,_,.. (f(x) + g(x))? Explain. Does the limit of
the sum exist?

3. Letf(x) = In (2x) and g(x) = In (x + 1). Find the limits as x—2 of fand g. Can
we apply the Difference Rule to lim,_,.. ( f(x) — g(x))? Explain. Does the limit
of the difference exist?

4. Based on parts 1-3, what advice might you give about applying Theorem 57
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Infinite Limits as x—a

If the values of a function f(x) outgrow all positive bounds as x approaches a finite number
a, we say that lim,_,, f(x) = = If the values of f become large and negative, exceeding all
negative bounds as x—a, we say that lim_,, f(x) = —oe.
Looking at f(x) = 1/x (Figure 2.9, page 70), we observe that
lim 1/x=2 and lim l/x= —o.
=)

=

We say that the line x = 0 is a vertical asymptote of the graph of f.

DEFINITION Vertical Asymptote
The line x = a is a vertical asymptote of the graph of a function y = f(x) if either

lim f(x) = =2 or lim f(x) = *=

r—a” r—a
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EXAMPLE 4 Finding Vertical Asymptotes

Find the vertical asymptotes of f(x) = —. Describe the behavior to the left and right ol
. _l = e —
each vertical asymptote.

S
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ver thcal asbmp')b“‘(
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l'u-t\ L
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i L
x> x* - O




August 31, 2015

EXAMPLE 5 Finding Vertical Asymptotes

The graph of f(x) = tan x = (sin x)/(cos x) has infinitely many vertical asymptotes,
one at each point where the cosine is zero. If a is an odd multiple of 7/2, then

lim tanx = —% and lim tanx = %,
X—a A—a
as suggested by Figur Now try Exercise 31.

L

[<27, 27] by [-5. 5]

Figure 2.12 The graph of f(x) = tan x
has a vertical asymptote at
37w w 37

2 2'2" 2

..... (Example 5)

‘ou might think that the graph of a quotient always has a vertical asymptote where the
denominator is zero, but that need not be the case. For example, we observed in Section
2.1 that lim,_q (sin x)/x = L.
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EXAMPLE 6 Modeling Functions For | x| Large

Let f(x) = 3x* — 2x* + 3x? — 5x + 6 and g(x) = 3x*. Show that while fand g are quite
different for numerically small values of x, they are virtually identical for |x| large.
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DEFINITION End Behavior Model

The function g is

(a) a right end behavior model for fif and only if lim f(( ‘))
X—x @

(b) a left end behavior model for fif and only if lim ‘Ie((t))

[l

= 1.

EXAMPLE 7 Finding End Behavior Models

Find an end behavior model for
2+ xt = x2 41 _\"—\'+A—l

(@) flx) = 2 — Sy + 7 () glx) = SxV+ x24x -5
top bisqn Oegree Same
“than

“-’“%Kk\
( L»ﬁ“*v\, \l _>°° = 3
>0 ‘(\\g\ = Y
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EXAMPLE 8 Finding End Behavior Models

Let f(x) = x + ¢ *. Show that g(x) = xis a right end behavior model for f while
h(x) = ¢ " 1s a left end behavior model for f.
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EXAMPLE 9 Using Substitution
Find lim sin (1/x).

X300
| I N S Y | Lt i1 11111 | 1 1 |
[<10, 10] by [-1, 1] <277, 27] by [-2, 2]
(a) (b)

Figure 2.15 The graphs of (a) f(x) = sin (1/x) and (b) g(x) = f(1/x) = sin x. (Example 9)




